I. INTRODUCTION
In this paper we describe a new code for numerical simulation of trajectories of ultrarelativistic electrons and positrons in crystalline media. The code is implemented as a part (a module) of the MBN Explorer package [1, 2] . The channeling motion of 855 MeV and 6.7 GeV electrons and positrons in straight Si(110) crystal has been modeled by means of the code and accompanied by calculations of the spectrum of emitted radiation.
The basic effect of the channeling process in a straight single crystal is in an anomalously large distance which a particle can penetrate moving along a crystallographic plane (planar channeling) or an axis (axial channeling) and experiencing the collective action of the electrostatic field of the lattice ions [3] . The field is repulsive for positively charged particles and, therefore, they are steered into the interatomic region, while negatively charged projectiles move in the close vicinity of ion strings or planes. Having introduced the continuum potential approximation for the interaction of energetic projectiles and lattice atoms, Lindhard [3] demonstrated that a charged projectile can move through the crystal following a particular crystallographic direction if the incident angle is less than some critical value.
Under certain conditions [4, 5] the guidance of channeled particles persists even if a crystal is bent. In this case, the particle deviates from its initial direction of motion due to extremely strong electrostatic field in the crystal. The field strength is typically of the order of 10 10 V/cm which is equivalent to the magnetic field of approximately 3000 T. Therefore, bent crystal can steer particles much more effectively than any existing dipole magnet.
We refer to papers [3, [6] [7] [8] [9] [10] [11] which contain comprehensive reviews of theoretical and experimental achievements in the investigation of the channeling effect in straight and bent crystals as well of various related phenomena and applications [12] .
Recently, the concept of a crystalline undulator (CU) was formulated for producing undulator-like electromagnetic radiation in the hundreds of keV up to the MeV photon energy range [13, 14] . In a CU, a beam of ultra-relativistic charged particles undergoes channeling in a periodically bent crystal. As a result, in addition to a well-known channeling radiation [15] , there appears the radiation due to the undulating motion of channeling particles which follow the periodic bending of crystallographic planes. The intensity and characteristic frequencies of the CU radiation can be varied by changing the type of channeling particles, the beam energy, the crystal type and the parameters of periodic bending.
Initially, it was proposed to use positron beams in CU [13, 14] . More recently, the feasibility of an electron-based CU has been demonstrated [16] . The underlying fundamental physical ideas as well as the theoretical, experimental and technological advances made during the last one and a half decade in exploring various features of CUs and the emitted radiation can be found in a recently published book [17] .
Several experimental attempts were made [18, 19] or planned to be made [20] to detect the radiation from a positron-based CU. So far, the attempts have not been successful due to various reasons [17, 20] . However, quite recently the first signatures showing evidence for the CU radiation were experimentally observed for 195-855 MeV electrons at the Mainz Microtron (Germany) facility [21, 22] . The CUs, used in the experiment, were manufactured in Aarhus University (Denmark) using the molecular beam epitaxy technology to produce strained-layer Si 1−x Ge x superlattices with varying germanium content [23] [24] [25] . Another set of experiments with diamond CUs is scheduled for the year 2013 at the SLAC facility (USA) with 10. . . 20 GeV electron beam [26] .
Theoretical support of ongoing and future experiments as well as accumulation of numerical data on channeling and radiative processes of ultra-relativistic projectiles in crystals of various content and structure must be based on an accurate procedure which allows one to simulate the trajectories corresponding to the channeling and non-channeling regimes.
The procedure must include a rigorous description of the particle motion and an efficient algorithm of its numerical realization. It is strongly desirable to make the procedure as much universal and model-independent as possible. The universality implies applicability of the same code to simulate trajectories of various projectiles (positively and negatively charged, light and heavy) in an arbitrary scattering medium, either structured (straight, bent and periodically crystals, superlattices, nanotubes etc) or amorphous (solids, liquids).
The term "model-independent" implies that the only allowed parameters are those which describe pairwise interactions (force-fields) of the projectile with constituent atoms.
The existing codes, capable to simulate channeling process, do not comply in full with the aforementioned conditions. Some of them [27] [28] [29] [30] [31] are based on the concept of the continuous potential [3] . This approximation, being adequate in describing the channeling motion, becomes less accurate and more model-dependent when accounting for uncorrelated scattering events. The accurate description of the latter is essential for a quantitative analysis of the dechanneling and rechanneling processes. Other group of the channeling codes [32] [33] [34] [35] utilizes the scheme of binary collisions which assumes that the motion of a projectile at all times is influenced by the force due to the nearest atom. Computer facilities available at present allow one to go beyond this limitation and to account for the interaction with larger number of the crystal atoms. Such an extension of the binary collisions algorithm was implemented in the recent code for electron channeling [36, 37] . The code, however, was based on the specific model for electron-atom scattering which results in a noticeable overestimation of the mean scattering angle. In more detail, this topic is addressed below in the paper.
To simulate propagation of particles through media, the channeling process in particular, one can utilize approaches and algorithms used in modern molecular dynamics (MD) codes (a comparative review of codes can be found elsewhere [1]). The latter allow one to model the dynamics of various molecular system by efficient numerical integration of classical equations of motion for all atoms in the system. The interaction between atoms is implemented in terms of interatomic potentials, the types and parameters of which can be chosen from a broad range to ensure the most adequate quantitative description of the simulated molecular system. From this viewpoint, the MD concept can be applied to describe the motion of a single projectile in the static field of atoms which constitute a scattering medium.
However, to the best of our knowledge, no MD-based computer codes exist at present that would permit simulation of the channeling phenomenon with atomistic resolution. This is mainly due to the following two reasons. First, the charged projectile particles travel through the crystal in an ultra-relativistic regime, and, therefore, their translocation should be modeled with relativistic equations of motion, which are typically not implemented in standard MD codes. Second, the channeling phenomenon involves mesoscopically large crystals, being µm-mm-cm in length, which cannot be handled using all-atom MD approach. To study the channeling phenomenon, we, therefore, have built a new MD-based code that goes beyond the aforementioned drawbacks. For this purpose we have used a recently developed MBN Explorer software package [1, 2] and endowed it with additional functionality. MBN Explorer was originally developed as a universal computer program to allow investigation of structure and dynamics of molecular systems of different origin on spatial scales ranging from nanometers and beyond [38] [39] [40] [41] [42] [43] [44] [45] [46] . The general and universal design of MBN Explorer code allowed us to expand it's basic functionality with introducing a module that treats classical relativistic equations of motion and generates the crystalline environ-ment dynamically in the course of particle propagation. This module, combined with the variety of interatomic potentials implemented in MBN Explorer, makes the program a unique tool for studying relativistic phenomena in various environments, such as crystals, amorphous bodies, biological medium. Below in the paper we introduce the key concepts and modifications done in MBN Explorer.
The channeling module, implemented currently in MBN Explorer, aims at efficient and reliable simulations of channeling of ultra-relativistic projectiles in crystalline media.
Verification of the code against available experimental data as well as against predictions of other theoretical models is a compulsory part of our studies. We have selected benchmark experimental values 6.7 GeV and 855 MeV for the energy of projectile electrons and positrons to simulate the trajectories and to calculate spectral distribution of the emitted radiation for two distinct environments: Si (110) crystalline medium and amorphous Si. The results of calculations for the 6.7 GeV particles are compared with the experimentally measured spectra [32, 47] . For amorphous silicon the numerical results are validated against predictions of the Bethe-Heitler theory.
The paper is organized as follows. In section II we present the description of algorithms used to simulate the channeling process with MBN Explorer (II A) and to calculate the emission spectrum (II B). Numerical results obtained for 6.7 GeV and 855 MeV electron/positron channeling and emission spectra are discussed in section III. Concluding remarks are summarized in section IV. The paper has two appendices. In Appendix A we evaluate the accuracy of the model proposed earlier [36, 37] for an ultra-relativistic electronatom collision. A collection of formulae related to the description of the bremsstrahlung process within the framework of the Bethe-Heitler approximation is presented in Appendix B.
II. DESCRIPTION OF THE ALGORITHM
To perform 3D simulation of the propagation of ultra-relativistic projectiles through a crystalline medium by means of MBN Explorer the following two additional features were to be added to the molecular dynamic algorithms used in the package [1] . The first feature concerns the implementation and integration of the relativistic equations of motion.
The second one is the dynamic generation of the crystalline medium. In more detail, these features are described in section II A below.
The calculated dependencies of the coordinates r = r(t) and velocities v = v(t) of the projectile on time are used as the input data to generate the spectral and/or the spectralangular distributions of the emitted radiation. These calculations are performed by means of the Fortran code (which is not a part of MBN Explorer) built upon the revisited algorithm described earlier [24, 30] . The basic formalism is summarized below in section II B.
A. Simulations of the Channeling Process within MBN Explorer
Within the framework of relativistic classical mechanics [48] the motion of an ultrarelativistic projectile of the charge q and mass m in an external electrostatic field E(r)
is subject to the relativistic equations of motion which can be written in the canonical form
A dot above a letter denotes differentiation with respect to time. The momentum p written in terms of velocity reads p = mγv where γ stands for the Lorentz factor γ =
(1 − v 2 /c 2 ) −1/2 = ε/mc 2 with ε being the projectile energy.
The differential equations (1) are to be integrated for t ≥ 0 using the initial values of the coordinates (x 0 , y 0 , z 0 ) and the velocity components (v x0 , v y0 , v z0 ) of the particle. To ensure an accurate numerical integration the fourth-order Runge-Kutta scheme has been implemented.
In application to the particle motion in a scattering medium (a crystal, in particular), the important issue is an accurate and efficient computation of the electrostatic field due to the medium atoms. In the current version of the channeling module of MBN Explorer the electrostatic potential U(r) is represented as a sum of atomic potentials U at
where R j stands for the position vector of the j-th atom. The force acting on the projectile at point r is calculated as F = qE(r) = −q∇ r U(r) .
A number of approximate methods have been developed to construct simple analytical representations of atomic potentials (see, for example, Ch. 9.1 in Ref. [8] ). All these schemes can be straightforwardly added to the library of pairwise potentials used in MBN Explorer. The current version of the package utilized the widely used Molière approximation [49] as well as more recent approximation suggested by Pacios [50] . For further referencing let us reproduce the Molière formula for the electrostatic potential of a neutral atom:
where Z is the atomic number. The Thomas-Fermi radius a TF is related to the Bohr radius . In recent studies [36, 37] another model for an ultra-relativistic projectile-atom interaction was suggested. The underlying idea of the model is that due to high speed of the projectile the interaction interval is short enough to substitute the atom with its "snapshot" in which the atomic electrons are seen as point-like charges distributed around the nucleus.
In Appendix A we demonstrate that such a "snapshot" approximation overestimates the mean scattering angle in a single projectile-atom collision.
Formally, the sum in Eq. (2) is carried out over all atoms of the sample. Taking into account that U at (ρ j ) decreases rapidly at the distances ρ j ≫ a TF from the nucleus, one can introduce the cutoff ρ max above which the contribution of U at (ρ j ) is negligible. Therefore, for given observation point r the sum can be restricted to those atoms which are located inside the sphere of the radius ρ max . To facilitate the search for such atoms the linked cell algorithm, implemented in MBN Explorer, is employed. The algorithm implies (i) a subdivision of the sample into cubic cells of a smaller size, and (ii) an assignment of each atom to a certain cell. Choosing the cell size equal to ρ max one restricts the sum to those atoms from the cell containing the observation point and from the 26 neighbouring cells which lie inside the cutoff sphere. As a result, the total number of computational operations can be reduced considerably.
The described scheme is used to calculate the force qE acting on the projectile at each integration step in (1). In section III we present the results of simulation of the channeling process of ultra-relativistic electrons and positrons in crystalline silicon. In this case we used ρ max = 5Å which enters Eq. (3), and for a Si atom is to be compared to the value a TF = 0.194Å. The lattice constant of a cubic Bravais cell of a silicon crystal is 5.43Å. Each unit cell contains eight atoms. Therefore, at each integration step the sum on Eq. (2) was carried out on average for over 30 atoms.
To simulate the channeling motion along a particular crystallographic plane with Miller indices (klm) the following algorithm has been used.
As a first step, a crystalline lattice is generated inside the simulation box (parallelepiped) Fig. 1 . The z-axis is oriented along the beam direction and is parallel to the (klm) plane. To avoid the axial channeling (when not desired) the z-axis must not be collinear with major crystallographic axes. The y-axis is perpendicular to the plane. The position vectors of the nodes are generated according to the rule:
Here, a x,y,z are the lattice vectors and k x,y,z are integers. Thus, the transition vector T(k x , k y , k z ) defines the position of a unit cell. The vector P i = κ ix a x + κ iy a y + κ iz a z with κ ix,y,z ∈ [0, 1] defines the position of the i-th node (out of the total number n) in the unit cell.
To illustrate the latter step, let us consider a diamond-type lattice which describes diamond, silicon and germanium crystals. In this case the three vectors a x,y,z , being orthogonal, are of the same length a which defines the lattice constant. Its values (at T = 300 K) for diamond, Si and Ge are 3.567, 5.431 and 5.646Å, respectively. Each unit cell contains 8 atoms, the position vectors of which are
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Once the position vectors R j + ∆ j of the atomic nuclei are generated. This is done with account for the thermal vibrations which result in random displacement ∆ j from the nodal positions. Each component of ∆ j is normally distributed
Here u T is the root-mean-square amplitude of thermal vibrations. The numerical results for a Si crystal presented below in section III were obtained for u T = 0.075Å which corresponds to the room temperature [6] .
Integration of the equations of motion, Eqs.
(1), starts at t = 0 when the particle "enters" To simulate the propagation of a particle through a crystal of finite thickness L a new type of boundary conditions, the so-called "dynamic simulation box", has been implemented in MBN Explorer. This algorithm, illustrated in Fig. 2 , implies the following.
The projectile moves within the simulation box interacting with the atoms lying inside the cutoff sphere. To optimize the numerical procedure the lengths L x,y,z are chosen to be larger than ρ max by a factor of 3 . . . 5. Once the distance l from the projectile to the nearest face becomes "nearly" equal to ρ max a new simulation box of the same size is generated with its geometrical center coinciding (approximately) with the position of the projectile. To avoid spurious change in the force qE acting on the projectile the positions of the atoms located in the intersection of the old and the new simulation boxes are not changed. In the rest part of the new box the positions of atomic nuclei are generated following the scheme described through Eqs. (4) and (6) . The simulation is interrupted when the z coordinate of the particle becomes equal to the crystal thickness L.
Using the described algorithm we have simulated a number of trajectories for electrons and positrons of the energies ε = 855 MeV and 6.7 GeV moving along the (110) planes in straight silicon crystals. The obtained results are presented and discussed in more detail in section III. The motion in the amorphous silicon has been also simulated. For doing this it is necessary to avoid incidental alignment of the initial velocity v 0 with major crystallographic directions. We used this regime to calculate the spectral and spectral-angular distribution of the incoherent bremsstrahlung.
In many cases, the motion of an ultra-relativistic particle, moving in an external field, can be treated within the framework of classical mechanics. The applicability of the classical description is subject to the condition that the relative variation of the de Broglie wavelength The process of photon emission can be treated classically provided the photon energy is small compared to ε: ω/ε → 0.
If both of the aforementioned conditions are met, one can calculate the spectral-angular distribution the radiated energy using the standard formulae of classical electrodynamics [51, 52] .
The main drawback of the classical framework is that it does not allow a self-consistent description of the radiative recoil, i.e. the change of the projectile energy due to the photon emission. As a result, purely classical description fails when the ratio ω/ε is not infinitesimally small.
An adequate approach to the radiation emission by ultra-relativistic projectiles in the (nearly) whole range of the photon energies was developed by Baier and Katkov in the late 1960th [53] and was called by the authors the "operator quasi-classical method". The details of the formalism, as well as its application to a variety of radiative processes, can be found elsewhere [8, 54, 55] .
A remarkable feature of this method is that it allows one to combine the classical description of the motion in an external field and the quantum effect of radiative recoil.
The classical description of the motion is valid provided the characteristic energy of the projectile in an external field,ε 0 , is much less than its total energy, ε = mγc 2 . The relationε 0 /ε ∝ γ −1 ≪ 1 is fully applicable in the case of an ultra-relativistic projectile.
The quasi-classical approach neglects the termsε 0 /ε but explicitly takes into account the quantum corrections due to the radiative recoil. The method is applicable in the whole range
A trajectory of the ultra-relativistic particle (v ≈ c) which experiences the action of the external field within the scattering medium of the thickness L. Before entering the medium, i.e.
within the time interval t < 0, and after leaving it at t = τ ≈ L/c the particle moves with constant velocities along the straight lines. Inside the medium the motion is subject to the forces acting on the particle.
of the emitted photon energies, except for the extreme high-energy tail of the spectrum
Within the framework of Baier and Katkov quasi-classical formalism the energy radiated within the cone dΩ = sin θdθ dφ by an ultra-relativistic particle moving along the trajectory r = r(t) is written as
where α = e 2 / c is the fine structure constant, q is the charge of a projectile in units of the elementary charge, β 1,2 = v(t 1,2 )/c denote the velocities, scaled by c, at time instants t 1 and t 2 . The phase function reads ψ(t) = t − n · r(t)/c where n is the unit vector in the direction of the photon emission.
The quantities ω ′ and u account for the radiative recoil:
In the classical limit u ≈ ω/ε → 0 and ω ′ → ω, so that Eq. (7) reduces to the classical formula [51, 52] . The trajectory of a particle which propagates through a crystalline or amorphous medium of the thickness L can be divided into three segments, as illustrated in Fig. 3 . Below the following motion of the projectile will be considered. • During the interval t = [0, τ ] the particle experiences the action of the external field and, as a result, moves along some non-linear trajectory defined by r = r(t).
Assuming the relativistic factor to satisfy a strong inequality γ ≫ 1, one expands the phase function ψ(t) and the rest of integrand in (7) in powers of γ −1 retaining the dominant non-vanishing terms. After some algebra [8, 17] one represents the spectral-angular distribution in the following form, which is convenient for numerical evaluation:
where ∆ = u 2 /2(1 + u). The quantities S x,y,z are defined as
where
The right-hand side of Eq. (9) is written in the limit of small emission angles θ ≪ 1 with respect to the initial velocity v 0 which defines the z-direction, see Fig. 3 . In this limit the phase function ψ(t) reads as
The non-integral terms on the right-hand sides of (10) and (11) are due to the motion along the initial and final straight segments of the trajectory. Thus, within the framework of quasi-classical approach, Eqs. (9)- (11) explicitly take into account the dependence of the spectral-angular distribution on the thickness L of a scattering medium which enters the formulae via the time-of-flight τ ≈ L/c.
Numerical evaluation of the integral terms by means of any classical formula based on the sequence of time instants t 1 = 0, t 2 , t 3 , . . . , t N = τ is stable only when the following strong inequality is met:
Here ∆t = t j+1 − t i > 0 is the time step used for the integration over the interval [t j , t j+1 ].
In the limit of small emission and scattering angles the derivative dψ/dt can be transformed and estimated as
where (θ v , φ v ) are the scattering angles measured with respect to the initial velocity.
Hence, the step of numerical integration must be chosen to satisfy the condition ∆t ≪ 2γ
III. NUMERICAL RESULTS
Channeling of charged particles in crystals is accompanied by the channeling radiation [15] . This specific type of electromagnetic radiation arises due to the transverse motion of the particle inside the channel under the action of the planar or axial field -the channeling oscillations.
A considerable amount of experimental data has been accumulated during last decades on the characteristics of channeling radiation emitted by GeV and multi-GeV electrons and positrons in strong crystalline fields [10, 11, 32, 47, [56] [57] [58] [59] [60] [61] [62] [63] . More recent activity includes experiments with sub-GeV high-quality electron beam carried out at the MAinz MIcrotron (MAMI) [20-22, 64, 65] . One of the goals of these ongoing experiments is to test theoretical prediction on the feasibility of an electron-based crystalline undulator [16, 17] .
The verification of the developed code against available experimental data as well as against predictions of other theoretical models is an important part of our studies. III A and are compared with the experimentally measured spectra [32, 47] . similar parts of the trajectory increases the intensity. For each value of the emission angle θ the coherence effect is most pronounced for the radiation into harmonics, which frequencies can be estimated as follows [8] :
where Ω ch is the frequency of channeling oscillations and K In contrast, in the electron spectrum the undulator effect is completely smeared out due to strong anharmonicity of the channeling trajectories.
In addition to the channeling spectra we have computed the spectra for amorphous Si Lindhard's planar critical value calculated in accordance with Eq. (1) from the paper [32] .
The calculated enhancement factors are compared in Fig. 6 with the experimental results
[32] for 6.7 GeV projectiles [68] . The open circles stand for the experimental data obtained by digitizing Fig. 12 from the cited paper. The solid and dashed curves represent the calculated dependencies for the two sets of trajectories as indicated in the caption. The aforementioned deviations can be due to several reasons. Modeling a crystalline field as a superposition of the atomic fields described by the Molière potentials can lead to intrinsic errors. Though the Molière approximation is a well established and efficient approach, more realistic schemes for the crystalline fields, based, for example, on X-ray scattering factors [69, 70] , can also be employed for the channeling simulations.
Another source of the discrepancies can be attributed to some uncertainties in the experimental set-up described elsewhere [32, 47] . In particular, it was indicated that the incident angles were in the interval [−ψ L , ψ L ] with the value ψ L = 62 µrad for a 6.7 GeV projectile.
However, no clear details were provided on the beam emittance which becomes an important factor for comparing theory vs experiment. In our calculations we used a uniform distribution of the particles within the indicated interval of ψ, and this is also a source of the uncertainties. We have also simulated the spectra for larger cutoff angle equal to 2ψ L (these curves are not presented in the figure) . It resulted in a considerable (≈ 30 %) decrease of the positron spectrum in the vicinity of the first harmonic peak. However, a rigorous simulation of the emittance properties requires additional substantial computational efforts and we reserve its implementation for future studies.
On the basis of the comparison with the experimental data we conclude that our code produces reliable results and can be further used to simulate the propagation of ultrarelativistic projectiles along with the emitted radiation.
B. Results for 855 MeV electrons and positrons
Another relevant benchmark for our simulations are the channeling properties of 855
MeV electrons and positrons in Si(110) that have been addressed in previous theoretical [36, 37] and experimental [20-22, 64, 65] To determine the electron dechanneling length each simulated trajectory (of a total number ≈ 3000) was analyzed with respect to comprising segments of the channeling motion.
The particle was considered to be in the channeling mode if it crossed the channel mid-plane at least three times, i.e. completed one full oscillation between the channel boundaries. Not all the particles become captured into the channeling mode at the crystal entrance. The fraction A of the accepted electrons was found to be ≈ 0.65 of the total number of the incident particles. For the accepted particles the following two penetration depths L p were calculated. The first one, L p1 = 11.69 ± 0.64 µm was found as a mean value of the primary channeling segments, which started at the entrance and lasted till the dechanneling point somewhere inside the crystal. Generally speaking, this quantity is dependent on the angular distribution of the particles at the entrance. The cited value of L p1 was obtained for a zero-emittance beam collimated initially along the (110) planar direction. Thus, it was meaningful to calculate another penetration depth, L p2 , defined as a mean value of all channeling segments, including those which appear due to the rechanneling. In the rechanneling process an electron is captured into the channeling mode having, statistically, an arbitrary value of the incident angle ψ not greater than Lindhard's critical angle. Therefore, L p2 mimics the penetration depth of the beam with a non-zero emittance ≈ ψ L . The calculated value L p2 = 10.9±0.3 µm turned out to be not much smaller than L p1 , especially taking into account statistical uncertainties. The decrease of the confidence interval for L p2 is related to the increase in the number of the channeling events (approximately by a factor of 3.5)
due to the rechanneling.
Either of the calculated quantities L p1,2 can be used as an estimate of the dechanneling length. In this connection, it is worth noting that the cited values are noticeably larger than the dechanneling length 8.26 ± 0.08 µm calculated earlier [36] . This difference can be attributed to a peculiar model used in the cited paper to describe the electron-atom scattering.
In Appendix A we demonstrate that the model overestimates the scattering angle, leading, thus, to a decrease in the dechanneling length. On the other hand, the presented values of L p1,2 are smaller than L d = 18 µm, obtained [64] within the framework of the diffusion theory. The nature of this discrepancy is still to be understood.
For the sake of completeness, let us mention the results of similar analysis carried out for 855 MeV positron channeling in L = 150 µm Si(110) crystal. In this case, the acceptance A = 0.98 is noticeably higher due to the repulsive character of positron-atom interaction force, which steers the projectile away from the nuclei and decreases the rate of hard collision events. As mentioned above, most of the positrons channel through the whole crystal.
Therefore, it is meaningful to calculate the penetration length due to the primary channeling events only. The obtained value L p1 = 133.8 ± 2.7 µm can be considered only as a lower bound of the positron dechanneling length.
To quantify the channeling properties, we have also computed fractions of the channeling particles versus penetration distance z. Two types of the fractions were considered: (i) for the particles remaining in the same channel where to they were captured at the entrance;
(ii) for the particles which become trapped into any channel in the course of propagation due to the rechanneling process. Both fractions were determined with respect to the numbers of the particles accepted at the entrance, and, thereby, the dependencies start from the value of one at z = 0.
The results of calculations are shown in Fig. 7 . The fractions of channeling positrons decrease very slow with z. In the case of electrons the decay is much more rapid. For example, half of the primarily channeled electrons propagate till the distance z ≈ 9.14 µm, positron channeling the rechanneling events are very rare, and, therefore, there is no visible change in comparison with the behaviour of the primarily channeled fraction. For electrons, on the contrary, the exponential decay is substituted with a much slower one. This effect has been noted earlier [36] and it was shown that the fraction of the channeling particle with account for the rechanneling decreases as ∝ z −1/2 . To be noted is an increase of the channeling fraction at small penetration depths, which is due to electrons captured into the channeling mode right after the entrance point.
The electron and positron emission spectra calculated from the simulated trajectories in the experimental conditions at MAMI setup [71] . To test the accuracy of our approach the spectra in amorphous Si were also computed and are presented in the inset being compared the Bethe-Heitler spectrum of the elastic bremsstrahlung calculated using Eqs. (B6) and (B9). Good agreement between the spectra produced in the amorphous medium allows us to conclude that the channeling spectral simulations deliver reliable results.
On the right panel of Fig. 8 , we present the enhancements of the radiation by positrons and electrons in Si(110) with respect to the Bethe-Heitler calibration. We hope the theoretical curves in this plot to be useful for the ongoing experimental studies [71] .
IV. CONCLUSION AND OUTLOOK
We have described the newly developed code, which was implemented in the MBN Explorer package [1, 2] to simulate trajectories of an ultra-relativistic projectile in a crystalline medium. The description of the particle motion is given in classical terms by solving the relativistic equations of motion which account for the interaction between the projectile and the crystal atoms. The probabilistic element is introduced into the scheme by a random choice of transverse coordinates and velocities of the projectile at the crystal entrance as well as by accounting for the random positions of the crystal atoms due to thermal vibrations. is worth noting that MBN Explorer allows one to optimize the structure of a complex molecular system. For example, it can be used to optimize the geometry of strained-layer Si 1−x Ge x superlattices produced in the molecular beam epitaxy laboratory of University of Aarhus and used in the channeling experiments at the Mainz Microtron MAMI [21, 22] .
Therefore, by means of the MBN Explorer package it is possible to generate a realistic structure of the medium and to carry out the simulations of the trajectories.
Two case studies have been carried out for initial approbation and verification of the code. Differing in the projectile energy, ε = 6.7 GeV and ε = 855 MeV, both case studies refer to the simulation of trajectories and calculation of spectral distribution of the radiation emitted by ultra-relativistic electrons and positrons moving in oriented Si(110) crystal and in amorphous silicon.
For the incident energy 6.7 GeV the calculated spectra were compared with the available experimental data for Si(110) [32, 47] recently [36] . Apart from some difference in the definitions of the dechanneling length, this discrepancy can be attributed to a specific model used in earlier studies [36] to describe electron-atom elastic scattering. We have demonstrated that the model overestimates the mean scattering angle, and, thus, underestimates the dechanneling length. On the other hand, our estimate for L d is lower than the reported experimental value [64] . To clarify this discrepancy it will be instructive to compare the calculated enhancement factor of the channeling radiation over the incoherent bremsstrahlung background with the corresponding experimental data once it becomes available.
As a prime further step in application of the developed code, the simulation of trajectories and calculations of spectral intensities of the radiation emitted in crystalline undulators are to be performed and compared with the experimental results available for electrons of various energies [22] . For the sake of comparison, the computations will be also carried out for positrons. The results of this work, which is currently in progress, will be published elsewhere.
We also plan to introduce several new features to the numerical algorithm described in section II aiming to expand the range of applicability of both the code for the trajectories simulations and the one for the spectrum calculation. In particular, the first equation of motion (1) will be supplemented with the radiative damping force which allows us to account for radiation energy losses of light projectiles in tens to hundreds GeV energy range. Calculations of characteristics of the emitted radiation will be improved by including a correction due to the density effect and by taking into account the contribution of the transition radiation, formed at the crystal entrance, to the total emission spectrum. The code for the simulation of the channeling of ultra-relativistic charged projectiles, described in Refs. [36, 37] , was based on the peculiar model of the elastic scattering of the projectile from the crystal constituents. The model assumes that due to the high speed of the projectile, its interaction interval with a crystal atom is short enough to substitute the atom with its "snapshot" image: instead of the continuously distributed electron charge the atomic electrons are treated as point-like charges placed at fixed positions around the nucleus [72] . Next, the model implies that the interaction of an ultra-relativistic projectile with each atomic constituent can be reduced to the classical Rutherford scattering. Scattering events happen sequentially as the projectile flies by an atom. The projectile trajectory is modeled by a piecewise linear curve the vertices of which correspond to the events. Between two successive events the projectile moves with a constant velocity v. The change of the transverse momentum ∆p ⊥ in the event is calculated within the small scattering angle approximation, i.e. as the integral of the impulse F ⊥ dt along the straight line aligned with v (see, e.g., [73] ). As a result, the total scattering angle θ acquired by the projectile of the charge Z p e in the collision with a "snapshot" atom can be written in the following vector form:
where the subscript "S" stands for the "snapshot" atom, {r j } ≡ r 1 , r 2 , . . . , r Z are the position vectors of Z atomic electrons. The sum is carried out over the atomic constituents: the nucleus (the charge q j = Ze) and the electrons (q j = −e). For each constituent the index j equals to the ordering number of the event in the sequence of all Z + 1 scattering events.
In the small-angle approximation the scattering angle in the jth collision with a point-like charge q j is calculated as θ j ≈ 2Z p eq j ρ j /ερ 2 j , where ρ j is the impact parameter and ρ j is perpendicular to the projectile velocity v before the collision.
As it was noted in Ref. [36] , the above procedure is approximate in a sense that it is restricted to the limit of small scattering angles when |θ j | ≪ 1 and |θ S | ≪ 1. It was stated, that in the opposite limit not only Eq. (A1) is not valid but also the "snapshot atom"
concept is wrong. However, the large angle scattering is not important for modeling the channeling process. Therefore, one can rely on the described procedure provided it is valid for the scattering angles smaller that Lindhard's critical angle φ L which is typically in the submilliradian range for ultra-relativistic projectiles.
In what follows we demonstrate, that despite seeming credibility of the "snapshot" model it noticeably overestimates the mean scattering angle in the process of elastic scattering.
Qualitatively, it is clear that substituting a "soft" electron cloud with a set of point-like static electrons must lead to the increase of the scattering angle simply because each electron acts as a charged scatterer of an infinite mass. As a result, the projectile experiences, on average, harder collisions with electrons as compared to the case when they are continuously distributed in the space. The mean square scattering angle θ 2 S is calculated by averaging the square of the righthand side of Eq. (A1) over the ensemble of the "snapshot" atoms:
where the subscript a = 1, 2, . . . , N enumerates the atoms.
To construct a "snapshot" atom one has to randomly generate the position vectors {r j } a ≡ r a1 , r a2 , . . . , r aZ of its electrons. For doing this we follow the scheme described in Ref. [36] . The scheme implies spherical symmetric distribution of the direction of the position vectors whereas the distance r j from the nucleus for each atomic electron is found by solving the equation:
where χ(r) stands for the Molière screening function defined in (3) and ξ j is a uniform random deviate between 0 and 1. In the current work, we used the routine ran2 from Ref.
[74] to generate ξ j .
It is noted in Ref. [36] that if the positions of the electrons are chosen as described above, then the electrostatic potential U S of an atom averaged over the ensemble of the "snapshot" atoms reproduces the Molière potential:
Figure ( Despite the agreement in the electrostatic potential evaluation, the mean scattering angle calculated within the "snapshot" model noticeably exceeds the scattering angle θ M of an ultra-relativistic projectile in collision with the Molière atom. In the small-angle limit [73] one derives the following dependence of θ M on the impact parameter b for projectile electron or positron (|Z p | = 1):
where K 1 (ζ) stands for the MacDonald function of the first order (see, e.g., [75] ). For small impact parameters, b ≪ a TF , one utilizes the relation
2 /ε b which is the scattering angle in the point Coulomb field of the charge Ze.
In the limit of large argument the MacDonald function behaves as K 1 (ζ) ∝ ξ −1/2 exp(−ξ).
Therefore, the scattering angle θ M (b) decreases exponentially for b ≫ a TF .
In Fig. 10 was already pointed out, the main drawback of the "snapshot" model is in the assumption that not only the nucleus but also all atomic electrons are treated as motionless (and, thus, infinitely heavy) point charges. Therefore, the recoil of the scatterer is fully ignored in the collisional process of a projectile with any of the atomic constituents. Physically, it means that, on average, the collisions become "harder" so that the r.m.s. scattering angle increases.
Simultaneously, random positioning of electrons in a "snapshot" atom may result very hard scattering events even for the distances b ≫ a TF . These events, although being rare, lead to 
Using (A6) in the definition of Θ 2 one derives the following expression for the ratio of the mean square angles obtained within the "snapshot" and the Molière approximations:
To carry out the integrals one has to introduce a particular value of the cutoff impact parameter b min . For deducing the latter we point out the "snapshot" approximation was introduced in Ref. [36] as a part of the code aimed at the adequate description of the channeling process. From this end, the model must adequately describe the scattering process at the distances b a TF between the projectile and the crystal plane. Hence, it is instructive to use a TF as the cutoff. Then, Eq. (A7) produces Θ 2 S / Θ 2 M ≈ 2.5. Within the diffusion theory of the dechanneling process (see, e.g., [9, 64] ) the mean square angle due to soft collisions defines the diffusion coefficient which, in turn, is proportional to the dechanneling length L d . In this context, the fact that the "snapshot" model overestimates In the elementary process of bremsstrahlung (BrS) a charged projectile emits a photon being accelerated by the static field of a target (nucleus, ion, atom, etc).
For ultra-relativistic projectiles, the Bethe-Heitler (BH) approximation [76] (with various corrections due to Bethe et al. [77, 78] and Tsai et al. [79] ) is the simplest and the most widely used one.
For the sake of reference below in this Section we present the relevant formulae for the case of ultra-relativistic electrons/positrons scattering from a neutral atom treated within the Molière approximation [49] .
Starting from Eq. (3.80) in Ref. [79] , one can write the following formula for the cross section differential with respect to the photon energy ω and to the emission angle Ω = (θ, φ)
(but integrated over the angles of the scattered electron): 
Here α ≈ 1/137 is the fine structure constant, r 0 = e 2 /mc 2 ≈ 2.818 × 10 −13 cm is the classical electron radius, x = ω/ε and ξ = (γθ) 2 . The factor F is defined by Eqs. (3.5), (3.44) and (3.45) from Ref. [79] . In the ultra-relativistic limit (more exactly, for γ 10 3 ) it can be written as follows:
where the function f (αZ) 2
= (αZ)
2 ∞ n=1 [n 2 (n 2 + (αZ)
2 )] −1 (with ζ = αZ) is the Coulomb correction to the first Born approximation worked out in Refs. [77, 78] . In the limit (αZ) 2 ≪ 1 the term f (αZ) 2 can be ignored. For example, for a Si atom (Z = 14)
f ((αZ) 2 ) ≈ 0.0126 ≪ 1.
The term proportional to Z 2 on the right-hand sides of (B1) and (B2) stands for the contribution of the elastic BrS process in which the target atom does not change its state during the collision. The terms ∝ Z are due to the inelastic BrS channels, when the atom becomes excited or ionized. 
with D 0 = 1 + (γθ 0 ) 2 . In the limit of large emission angles when θ 0 ≫ 1/γ the second term on the right-hand side goes to zero. Therefore, the first term stands for the cross section differential in the photon energy but integrated over the whole range of the emission angles.
Its explicit expression is as follows (cf. Eq. The latter approximation leads to the following reduction:
Then, the single differential cross section of elastic BrS emitted within the cone 0 ≤ θ ≤ θ 0 is given by:
is the Bethe-Heitler spectrum of elastic BrS.
Within the framework of less accurate approximation, used frequently for quantitative estimates (see, e.g., [32, 80] ), one ignores the non-logarithmic terms in (B5):
In order to calculate the spectral-angular distribution of the radiated energy d 2 E/d( ω)dΩ in an amorphous target of the thickness L much less then the radiation length [81] one multiplies Eq. (B1) by the photon energy ω, by the volume density n of the target atoms and by L: 
